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MODULI SPACES OF ORTHOGONAL BUNDLES OVER AN
ALGEBRAIC CURVE
OLIVIER SERMAN
Abstrat. We prove that, given C a smooth projetive urve of genus g >
2, the forgetful map MOr → MGLr from the moduli spae of orthogonal
bundles to the moduli spae of all vetor bundles over C is an embedding. Our
proof relies on an expliit desription of a set of generators for the polynomial
invariants on the representation spae of a quiver under the ation of a produt
of lassial groups.
Introdution
Let C be a smooth, irreduible, projetive algebrai urve of genus g > 2 over
an algebraially losed eld k of harateristi zero. If G is a redutive group we
denote by MG the moduli spae of semi-stable prinipal G-bundles on C.
We fous here on the ase G = SOr, whih amounts to onsidering the moduli
spae of semi-stable orthogonal bundles of rank r with an orientation. It is a
normal projetive variety, omposed of two onneted omponents distinguished by
the seond Stiefel-Whitney lass. This spae is related to the moduli spae MSLr
of vetor bundles of rank r and trivial determinant on C through the forgetful map
MSOr → MSLr whih sends any SOr-bundle to its underlying vetor bundle. It
is natural to ask whether this map is a losed embedding. In fat, when r is even,
it even fails to be injetive, and it is therefore more onvenient to ask the same
question about MOr →MGLr .
In the same way we onsider the forgetful morphism MSp
2r
→ MSL2r dened
on the moduli spae of sympleti bundles of rank 2r on C.
Our main result may be stated as follows:
Theorem. (i) The forgetful map MOr →MGLr is an embedding.
(ii) When r is odd, MSOr → MSLr is again an embedding, while, when r is
even, it is a 2-sheeted over onto its image.
(iii) The forgetful map MSp
2r
→MSL2r is also an embedding.
We give the full proof for the orthogonal ase, and sketh the obvious modia-
tions required by the sympleti one.
We onsider in the rst setion the injetivity of MSOr → MSLr : this omes
down to a lose omparison of the equivalene relations between SOr-bundles and
vetor bundles whih dene the losed points of the orresponding moduli spaes.
We then hek that the tangent maps of MOr →MGLr are injetive. This dier-
ential point of view is muh more involved: it relies on Luna's slie étale theorem,
whih naturally leads to the onsideration of representations of quivers. To arry
our disussion to its end we need an auxiliary result relative to the invariant theory
of these representations for the ation of a produt of lassial groups: this is the
aim of the seond setion (note that a harateristi-free proof of this result an be
found in [10℄). In the third one we show rst how this omputation results in our
main theorem. We then give a few omplements about the loal struture of the
moduli spae MOr , in the same way as Laszlo did with MGLr (see [8℄).
1
1. Injetivity of MSOr →MSLr
In this setion we study the injetivity of the forgetful map MSOr −→ MSLr ,
whih is already known to be nite (e.g. by [3, 8.5℄). The losed points of MG
are in a one-to-one orrespondene with the set of equivalene lasses of semi-stable
G-bundles (f. [15℄). When G = SLr one easily reovers from this notion Seshadri's
denition of S-equivalene for vetor bundles. We proeed here in the same way
to link together equivalene between SOr-bundles and S-equivalene between their
underlying vetor bundles.
1.1. Let Q be a quadrati form on a r-dimensional vetor spae V . Any paraboli
subgroup of SO(Q) is the stabilizer of an isotropi ag of V . If 0 = N0 ⊂ N1 ⊂
· · · ⊂ Nl is suh a ag then its stabilizer Γ stabilizes 0 = N0 ⊂ N1 ⊂ · · · ⊂ Nl ⊂
N⊥l ⊂ · · · ⊂ N
⊥
1 ⊂ V too. In a basis adapted to the rst ag, in whih Q is
represented by the matrix

 0 0 IdimNl0 Q′ 0
IdimNl 0 0


, Γ must be a subgroup of the
group of matries of the form
M =


A1 ∗ · · · ∗
0 A2
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. ∗
0 · · · 0 Al
∗
.
.
.
.
.
.
∗
∗
0 · · · · · · 0 B ∗ · · · · · · ∗
0
0
.
.
.
.
.
.
0
tA1
−1 0 · · · 0
∗ tA2
−1 . .
.
.
.
.
.
.
.
.
.
.
.
.
. 0
∗ · · · ∗ tAl
−1


,
where Ai ∈ GLri−ri−1 , B ∈ SO(Q
′) (and ri = dimNi).
Hene, if P is a semi-stable SOr-bundle and E = P (SLr) its assoiated ve-
tor bundle, a redution of struture group σ of P to a paraboli subgroup Γ de-
ned by an isotropi ag 0 = N0 ⊂ N1 ⊂ · · · ⊂ Nl indues isotropi subbundles
Ei = σ
∗E(Ni) ⊂ E of rank ri giving a ltration 0 = E0 ⊂ E1 ⊂ · · · ⊂ El ⊂
E⊥l ⊂ · · · ⊂ E
⊥
1 ⊂ E. But one knows how to onstrut suh a ltration, with
the extra onditions that Ei/Ei−1 is a stable bundle of degree 0 and E
⊥
l /El a
stable orthogonal bundle. By [14, 4.5℄ the latter splits as a diret orthogonal sum
of mutually non-isomorphi stable bundles. The graded objet grE• is then pre-
isely the Jordan-Hölder one, whih is known to haraterize the point of MSLr
orresponding to E.
1.2. A representative of the equivalene lass of P as an orthogonal bundle is given
by the SOr-bundle grP obtained from a suitable redution of struture group of P
to a paraboli subgroup of SOr (f. [15, 3.12℄). Let us hek that the redution σ
attahed to the above ltration satises the onditions of (lo. it.). As any hara-
ter χ on Γ whih is trivial on the neutral omponent Z0 of its enter is of the form
M 7→
∏
det(Ai)
αi
with
∑
(dimNi/Ni−1)αi = 0, the assertion deg(χ∗σ
∗E(k)) = 0
is equivalent to µ(Ei/Ei−1) = 0, i = 1, . . . , l, and σ denitely is an admissible
redution.
On the other hand the unipotent radial Ru(Γ) of Γ is the unipotent part of the
(neutral omponent of the) intersetion of all of its Borel subgroups. Sine these
are the stabilizers of the ags adapted to the one giving Γ whose length is maximal,
Ru(Γ) is a subgroup onsisting of matries M with Ai = id for all i and B = id.
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We dedue from the preeding a Levi deomposition of Γ, the Levi omponent L
being isomorphi to the produt
∏
GLri−ri−1 × SOr−2rl . Let p : Γ → L be the
projetion on this Levi omponent. The required stability of the L-bundle p∗σ
∗E
is then a onsequene of the stability of the suessive quotients Ei/Ei−1 together
with the following easy fat:
Lemma 1.3. Let (Ei)i=1,2 be two stable Gi-bundles. Then the G1 × G2-bundle
E1 ×C E2 is also stable.
Aording to [5, 11.14 (1)℄ any paraboli subgroup of G1 × G2 is a produt
Γ = Γ1 × Γ2 where Γi is a paraboli subgroup of Gi. It follows that maximal
proper paraboli subgroups may be written Γ1 × G2 or G1 × Γ2, Γi being any
maximal proper paraboli subgroup of Gi. Therefore the assoiated bundle E/Γ
is isomorphi to E1/Γ1 or E2/Γ2, and the lemma is a onsequene of the very
denition of stability.
1.4. The lass of P is therefore dened by the SOr-bundle grP = p∗σ
∗P (SOr),
and (grP )(SLr) is again the Jordan-Hölder graded objet. Two semi-stable SOr-
bundles P and P ′ are sent to the same point of MSLr if and only if grP and grP
′
are both obtained from redution of struture group to SOr of the same polystable
vetor bundle E. Suh a redution amounts to a setion of E/SOr → C, and two
of them give the same bundles if and only if they are onjugated by the ation
of AutSLr (E) on Γ(C,E/SOr). Elements of Γ(C,E/SOr) orrespond to isomor-
phisms ι : E
∼
−→ E∗ suh that ι∗ = ι and det ι is the square of the trivialisation of
detE inherited from the SLr-torsor struture. The ation of AutSLr (E) simply is
(f, ι) ∈ AutSLr (E)× Γ(C,E/SOr) 7→ f
∗ιf.
Sine E is polystable AutGLr (E) ats transitively on the set Γ(C,E/Or) of
all symmetri isomorphisms from E onto E∗ : indeed the Jordan-Hölder tration
allows us to split E as
E =
⊕
i
(
F
(1)
i ⊗ V
(1)
i
)
⊕
⊕
j
(
F
(2)
j ⊗ V
(2)
j
)
⊕
⊕
k
(
(F
(3)
k ⊕ F
(3)
k
∗)⊗ V
(3)
k
)
,
where V
(l)
i are nite-dimensional vetor spaes and the F
(1)
i (resp. F
(2)
j , resp. F
(3)
k )
are orthogonal (resp. sympleti, resp. non isomorphi to their dual) mutually non
isomorphi stable vetor bundles, in suh a way that any symmetri isomorphism
E → E∗ is equivalent to the data of orthogonal (resp. sympleti, resp. non
degenerate) forms on eah one of the V
(1)
i (resp. V
(2)
j , resp. V
(3)
k ). The ation of
AutGLr (E) =
∏
GL(V
(1)
i )×
∏
GL(V
(2)
j )×
(∏
GL(V
(3)
k )×GL(V
(3)
k )
)
on the set of these olletions is obviously transitive.
Any two elements σ and σ′ of Γ(C,E/SOr) are then onjugate under the ation
of AutGLr(E), by an automorphism whose determinant equals to ±1. When r is
odd −idE is an Or-isomorphism whih exhanges orientation, and the ation of
AutSLr (E) on Γ(C,E/SOr) is still transitive. On the ontrary when r is even
this ation fails to remain transitive. For example let F be a vetor bundle of
rank r/2, non isomorphi to its dual, and onsider the two orthogonal bundles
F ⊕F ∗ and F ∗⊕F , equipped with the standard hyperboli pairing: these bundles
annot be SOr-isomorphi (in fat any orthogonal isomorphism must exhange the
orientation). We have proven so far:
Proposition 1.5. When r is odd the map MSOr(k)→MSLr (k) is injetive; when
r is even this is a nite map of degree 2.
3
Remark 1.6. The distintion between the odd or even ase relies on the fat that
the semi-diret produt 1→ SOr → Or → Z/2Z→ 0 may be diret or not. When
it is diret the map H1(C,SOr) → H
1(C,Or) is injetive. But as soon as r is
even the setion is no longer ompatible with the ation of SOr on the previous
exat sequene by inner automorphisms; we know then how to ompute the bers
of H1(C,SOr) → H
1(C,Or) by twisting this sequene (f. [6, III 3.3.4℄). If r
is even we have just hosen a bundle E whih indues a non trivial onneting
homomorphism (sine AutSOr (E) → AutOr (E) is then an isomorphism), whene
the lak of injetivity.
2. Invariant theory of representations of quivers
We refer the reader to [9℄ about the notion of representations of a quiver Q of
given dimension α ∈ Nn and their isomorphism lasses. Let Q stand for a quiver
onsisting of n = n1 + n2 + 2n3 verties
s1, . . . , sn1 , t1, . . . , tn2 , u1, u
∗
1, . . . , un3 , u
∗
n3
,
and α ∈ Nn be an admissible dimension vetor (that is a vetor suh that αtj is
even and αuk = αu∗k). We dene Γα to be the group
Γα =
∏
Oαsi ×
∏
Spαtj
×
∏
GLαuk ,
whih is atually thought here as a subgroup of GL(α) =
∏n
i=1GLαi via the
inlusions P ∈ GLαuk 7→ (P,
tP−1) ∈ GLαuk × GLαu∗k
. The natural ation of
GL(α) on the spae R(Q,α) of all representations of Q of dimension α restrits to
an ation of Γα on R(Q,α).
Le Bruyn and Proesi have shown in (lo. it.) that the algebra of polynomial
invariants k[R(Q,α)]GL(α) is generated by traes along oriented yles in the quiver
Q. Following their proof, we produe here a set of generators for the algebra of
invariants under the ation of Γα. The loal study of the map MOr → MGLr
made later heavily rests on this desription.
2.1. First fundamental theorem for ON × SpN ′. In this setion we adapt the
argument of [2, Appendix 1℄. We will denote by Mn the spae of n×n matries. Let
M be the matrix
(
IN
0
0
JN′
)
, with J =
(
0
−I
I
0
)
; it represents a bilinear pairing, given
as the standard orthogonal sum of a quadrati form of rank N and a sympleti
form of rank N ′. The key lemma beomes (note that MN ×MN ′ is identied with
its image in MN+N ′):
Lemma 2.1.1. Any polynomial funtion f : (MN×MN ′)(k)→ k suh that f(BA) =
f(A) for all B ∈ ON × SpN ′ may be written f : A 7→ F (
tAMA) with F a polyno-
mial map on (MN ×MN ′)(k) ⊂ MN+N ′(k).
In other words f fators through the appliation
π : A ∈ (MN ×MN ′)(k) 7→
tAMA ∈ (MN ×MN ′)(k).
Let ΨN,N ′ be its image, whih is nothing else than the produt of the spae of
symmetri N ×N matries and the spae of antisymmetri N ′×N ′ matries. The
restrition of π to GLN ×GLN ′ identies the open subset Ψ
◦
N,N ′ onsisting of non-
degenerate forms with the geometri quotient (GLN ×GLN ′)//(ON × SpN ′) (say
by [11, Proposition 0.2℄). The lemma then follows from the ommutative diagram
(MN ×MN ′)//(ON × SpN ′) pi
// ΨN,N ′
(GLN ×GLN ′)//(ON × SpN ′)
⋃
∼
pi
// Ψ◦N,N ′ ;
⋃
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the restrition to (GLN ×GLN ′)//(ON × SpN ′) of a map f dened on the good
quotient (MN ×MN ′)//(ON × SpN ′) must indeed be indued by a funtion of the
form A ∈ GLN × GLN ′ 7→ F (
tAMA)/H(tAMA) with F and H two oprime
polynomials (dened on (MN×MN ′)(k)). The equality F (
tAMA) = f(A)H(tAMA)
nally ensures that H is invertible.
2.1.2. We are now in a position to establish the rst main theorem of invariant
theory for ON × SpN ′ . Let us start with the ase of multilinear invariants, again
after [2℄. Let V be a vetor spae of dimension N +N ′ endowed with the non-
degenerate bilinear form 〈· , ·〉 given by the matrix M . So V = V1
⊥
⊕ V2, V1 being a
quadrati spae of dimension N and V2 a sympleti spae of dimension N
′
.
Theorem 2.1.3. Any linear ON × SpN ′-invariant morphism V
⊗2i → k is a linear
ombination of funtions of the form
ϕσ : v1 ⊗ · · · ⊗ v2i 7−→ 〈vσ(1), vσ(2)〉 · · · 〈vσ(2i−1), vσ(2i)〉,
with σ ∈ S2i.
Let ϕ : V ⊗2i → k be any linear ON × SpN ′ -invariant map, and onsider the
following polynomial funtion:
f : (A,ω) ∈ (EndV1 ⊕ EndV2)× V
⊗2i 7→ ϕ(Aω) ∈ k.
By the previous lemma there exists a polynomial F on (S2V ∗1 ⊕Λ
2V ∗2 )×V
⊗2i
, linear
in the seond variable, suh that f(A,ω) = F (tAMA,ω). This polynomial ertainly
is invariant for the natural ation of GL(V1)×GL(V2) on (S
2V ∗1 ⊕Λ
2V ∗2 )× V
⊗2i
:
for any Γ ∈ GL(V1)×GL(V2), we have F (
tΓ−1tAMAΓ−1,Γω) = F (tAMA,ω).
The assertion results, by polarization, from the desription of linear forms on
V ∗1
⊗a1⊗V ⊗b11 ⊗V
∗
2
⊗a2⊗V ⊗b22 whih are invariant for the ation ofGL(V1)×GL(V2):
F is an homogeneous funtion of degree i in its rst variable, whih therefore arises
from linear forms on (S2V ∗1 )
⊗k⊗V ⊗2k1 ⊗(Λ
2V ∗2 )
⊗i−k⊗V ⊗2i−2k2 (via the projetions
(S2V ∗1 ⊕ Λ
2V ∗2 )
⊗i × V ⊗2i → (S2V ∗1 )
⊗k ⊗ V ⊗2k1 ⊗ (Λ
2V ∗2 )
⊗i−k ⊗ V ⊗2i−2k2 ). Sine
ϕ(ω) = F (M,ω), one then just has to evaluate F on M .
2.1.4. One easily dedues from the foregoing a family of generators for the algebra
of polynomial invariants under the diagonal ation (by onjugation) of ON × SpN ′
on MN+N ′(k)
i
: aording to [12, 7℄ it is enough to work out the behaviour of the
omposition, the trae and the adjuntion (denoted by A 7→ A∗ = M−1tAM) via
the identiation EndV ≃ V ⊗ V indued by the bilinear pairing. If v = v1 + v2 ∈
V = V1 ⊕ V2 (f. 2.1.2), we have the following identities:
 (v ⊗ w) ◦ (u⊗ t) = 〈v, t〉u ⊗ w,
 tr(v ⊗ w) = 〈v, w〉,
 ((v1 + v2)⊗ w)
∗ = w ⊗ (v1 − v2).
This relations allow us to translate the funtions ϕσ ouring in theorem 2.1.3
in a way leading to the following statement:
Theorem 2.1.5. Any ON × SpN ′-invariant funtion dened on MN+N ′(k)
i
is a
polynomial in the
(A1, . . . , Ai) 7→ tr(Uj1Uj2 · · ·Ujk),
with Uj ∈ {Aj , Aj
∗}.
The ring of ON × SpN ′-equivariant morphisms from MN+N ′(k)
i
to MN+N ′(k) is
generated as an algebra over k[MN+N ′(k)
i]ON×SpN′ by the elements (A1, . . . , Ai) 7→
Aj or (A1, . . . , Ai) 7→ Aj
∗
.
(The seond assertion is implied by the rst exatly as in [12℄.)
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2.2. Generalization of the main result of [13℄. The main result of [13℄ asserts
that, if R is a k-algebra with trae satisfying the n-th Cayley-Hamilton identities,
then there exists a universal map R → Mn(A) whih indues an isomorphism
R → Mn(A)
GLn
. In this setion we state a similar result dealing with algebras
with a trae and an antimorphism of order dividing 4.
2.2.1. Let R be a k-algebra endowed with an antimorphism τ of order 4 (from now
on we will write of order 4 instead of of order dividing 4). When R is the algebra
MN+N ′(B) of all matries with oeients in a ommutative ring B we hoose τ
to be the adjuntion map (for the onsidered bilinear form) ι : A ∈ MN+N ′(k) 7→
M−1tAM . As soon as N or N ′ is zero ι is in fat of order 2, and we ould restrit
ourselves to algebras with anti-involution.
Let j : R→ MN+N ′(A) be the universal map orresponding to the funtor
XR,N+N ′ : B 7→ Homk(R,MN+N ′(B))
(f. [9, 3℄). The existene of this morphism easily leads to the representability
of the funtor X˜R,N+N ′ whih assoiates to any ommutative algebra B the set of
all morphisms of k-algebras from R to MN+N ′(B) preserving the antimorphisms.
This funtor is atually represented by a losed subsheme of XR,N+N ′ , still alled
X˜R,N+N ′ : the map r ∈ R 7→ ιjτ
3(r) ∈MN+N ′(A) omes from a morphism t : A→
A of order 4, and the indued map j˜ : R→ MN+N ′(A˜) (where A˜ is the quotient of A
by the ation of t) is universal among the morphisms R → MN+N ′(B) ommuting
with τ and ι.
The group ON × SpN ′ ats by onjugation on MN+N ′(B), induing a right a-
tion on A˜, hene an ation of ON × SpN ′ on MN+N ′(A˜). The universal map j˜
maps R to the algebra MN+N ′(A˜)
ON×SpN′
of ON × SpN ′-equivariant morphisms
from X˜R,N+N ′ to MN+N ′(k) (f. [13, 1.2℄).
2.2.2. A k-algebra with trae and antimorphism of order 4 is an algebra with trae
(f. [13℄) equipped with an antimorphism τ : R→ R of order 4 ommuting with tr.
The algebra MN+N ′(B) arries its usual trae and the antimorphism ι desribed
earlier.
Our purpose is to generalize the main theorem of (lo. it.) to any algebra
whih is a quotient of the algebra TN,N ′ of ON × SpN ′-equivariant morphisms
MN+N ′(k)
i → MN+N ′(k). Note that a set of generators for TN,N ′ has been given
in 2.1.5.
Proposition 2.2.3. Let R be a k-algebra with trae and antimorphism of order 4.
If R is a quotient of TN,N ′ then the universal map j˜ : R → MN+N ′(A˜)
ON×SpN′
is
an isomorphism.
It follows from an immediate adaptation of Proesi's proof.
2.3. Generators for k[R(Q,α)]Γα .
2.3.1. Let us go bak to the quiver Q, and the ation of Γα on its representation
spae. Consider the quiver Q˜ obtained fromQ by adding one new arrow a∗ : σ(v′)→
σ(v) for any arrow a : v → v′, where we alled σ the involution of the set of verties
xing the si and tj , and permuting uk and u
∗
k. Let R (resp. R˜) be the path algebra
of the opposite quiver Qop (resp. Q˜op). There is quite a natural way to endow
R˜ with an antimorphism τ of order 4 whose ation on the idempotents (who are
assoiated to the onstant paths) omes from the one of σ: τ xes the esi and etj ,
permutes euk and eu∗k , while it sends an arrow a to εa
∗
, where ε equals −1 if a
starts from si, uk or u
∗
k and ends at tj , and 1 otherwise.
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We need here to adapt the map ι previously dened on MN+N ′(k): ι still asso-
iates to a map its adjoint, but the bilinear pairing has to be replaed by the one
represented by a matrix of the form
Φ =


IN1 0 0
0 JN2 0
0 0
0 IN3
IN3 0

 .
Put N1 =
∑n1
i=1 αsi , N2 =
∑n2
j=1 αtj , N3 =
∑n3
k=1 αuk , and N = N1 + N2 + N3,
and onsider the deomposition of kN into pairwise orthogonal subspaes kN1 ⊕
kN2 ⊕ k2N3 given by Φ. Note that representations of R˜ of dimension α ommut-
ing with τ and ι adapted to the previous deomposition orrespond bijetively to
representations of R of the same dimension adapted to this deomposition. This
allows us to identify R(Q,α) with the subspae of R(Q˜, α) onsisting of all rep-
resentations whih preserve the preeding antimorphisms, that is to a subspae of
X˜
R˜,N
(k), where X˜·,N is the funtor introdued in 2.2.1 (one the bilinear form has
been replaed by Φ).
2.3.2. Consider now the algebra S˜n dened as the quotient of k[esi , etj , euk , eu∗k ]
by the ideal J generated by the relations e2v = ev, evev′ = 0 if v 6= v
′
,
∑
v ev = 1.
This algebra is ontained in R˜. The restrition of τ to this algebra is exatly the
antiinvolution desribed in 2.3.1, and we have a fairly nie desription of X˜S˜n,N :
X˜S˜n,N =
⋃
σ,ω
X˜σ,ω ,
where σ and ω range over pairs of admissible vetors in Nn suh that
∑
σj =
N1 + 2N3 and
∑
ωj = N2, the omponent X˜σ,ω being isomorphi to(
ON1+2N3×SpN2
)
/
(∏(
Oσsi×Spωsi
)
×
∏(
Oσtj×Spωtj
)
×
∏(
GLσuk×GLωuk
))
.
It indues a deomposition of X˜
R˜,N
as the union
⋃
σ,ω̟
−1X˜σ,ω, where we all
̟ : X˜
R˜,N
→ X˜S˜n,N the map indued by the inlusion S˜n ⊂ R˜. By applying the
argument of [9, 3℄ to the omponent orresponding to the dimensional vetors
σ and ω whose oordinate are σsi = αsi , σtj = 0, σuk = αuk , ωtj = αtj and
ωsi = ωuk = 0, one gets the expeted assertion:
Theorem 2.3.3. The algebra of polynomials on R(Q,α) invariant under the ation
of
∏
Oαsi ×
∏
Spαtj
×
∏
GLαuk is generated by the funtions
(fa)a 7→ tr(fa˜p · · · fa˜1),
where a˜i is an arrow in the assoiated quiver Q˜ equals to either ai or ai
∗
, in suh
a way that (a˜1, . . . , a˜p) forms an oriented path in that quiver and fa˜i means fai or
its adjoint aording to whether a˜i is ai or ai
∗
.
Remark 2.3.4. It is now easy to deal with the ase where we let the whole lin-
ear group at (by onjugation) above some of the unpaired verties: let us all
r1, . . . , rn4 this verties, Q
′
the quiver obtained by adding n4 new verties r
∗
l and
α′ ∈ Nn1+n2+2(n3+n4) the admissible vetor naturally dedued from any given ad-
missible dimension vetor α ∈ Nn1+n2+2n3+n4 . The group
Γα =
∏
Oαsi ×
∏
Spαtj
×
∏
GLαuk ×
∏
GLαrl
ats on R(Q,α) and R(Q′, α′) (the ation of g ∈ GLαrl on r
∗
l being f 7→
tg−1f tg),
and the Γα-equivariant projetion k[R(Q
′, α′)] → k[R(Q,α)] allows us to ompute
the ring of Γα-invariants of k[R(Q,α)].
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3. Loal study of the forgetful map
In order to simplify the loal study of MSOr →MSLr it is onvenient to inves-
tigate separately the injetive morphismMOr →MGLr and the natural map from
MSOr to the subsheme M
O
Or
⊂ MOr onsisting of all orthogonal bundles with
trivial determinant. This distintion seems to be quite valuable sine the diret
dierential study of MSOr would involve invariant theory for speial orthogonal
groups, whih is far more diult to deal with (see 3.2). We show here that the
former is an embedding, while the later is an isomorphism (resp. a 2-sheeted over)
when r is odd (resp. even).
3.1. Dierential behaviour of MOr →MGLr .
3.1.1. Let us now briey point out the lassial way to analyse the loal behaviour
of MOr → MGLr . Reall rst that this appliation arises as a quotient (by a
general linear group Γ = GLM ) of an equivariant map between two well-known
parameters spaes ROr → RGLr (f. [4, 7.3℄). Luna's étale slie theorem and
deformation theory then allow us to grasp the loal struture of these good quotients
(f. [7, 2.5℄): at any polystable vetor bundle E, MGLr is étale loally isomorphi
to an étale neighbourhood of the origin in the good quotient
Ext1(E,E)//AutGLr (E),
while MOr is, at any polystable orthogonal bundle P , étale loally isomorphi to
an étale neighbourhood of the origin in
H1(C,Ad(P ))//AutOr (P ),
where Ad(P ) stands for the vetor bundle P ×Or sor assoiated to the adjoint
representation of Or, whih is nothing else than the vetor bundle of germs of
endomorphisms f of E suh that σf +f∗σ = 0, where σ : E → E∗ is the symmetri
isomorphism given by the quadrati struture on E; in other words the adjoint
vetor bundle Ad(P ) is anonially isomorphi to Λ2E∗.
Then, if P ∈ MOr is a polystable orthogonal bundle with assoiated vetor
bundle E ∈ MGLr , the appliation MOr → MGLr oinides at P , through the
preeding loal isomorphisms (in the étale topology), with the natural map
H1(C,Ad(P ))//AutOr (P )→ Ext
1(E,E)//AutGLr (E)
at the origin. In partiular the orresponding tangent maps are identied.
3.1.2. A more expliit desription of the vetor spaesH1(C,Ad(P )) and Ext1(E,E)
is then strongly needed in order to understand their quotients; we show here that
H1(C,Ad(P ))//AutOr (P ) is a losed subsheme of Ext
1(E,E)//AutGLr (E), whih
implies our main theorem.
Aording to 1.4 the orthogonal struture on the polystable vetor bundle E
assoiated to any point q ∈MOr gives rise to a splitting of E as a diret orthogonal
sum of the form
E =
n1⊕
i=1
E
(1)
i ⊕
n2⊕
j=1
E
(2)
j ⊕
n3⊕
k=1
E
(3)
k ,(3.1.2.1)
where eah diret summand E
(a)
l may be written as
 E
(1)
i = F
(1)
i ⊗ V
(1)
i , where (F
(1)
i )i are mutually non isomorphi stable or-
thogonal bundles and (V
(1)
i )i some quadrati vetor spaes,
 E
(2)
j = F
(2)
j ⊗V
(2)
j , where (F
(2)
j )j are mutually non isomorphi stable sym-
pleti bundles and (V
(2)
j )j some sympleti vetor spaes,
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 E
(3)
k = (F
(3)
k ⊕ F
(3)
k
∗) ⊗ V
(3)
k , where (F
(3)
k )k are mutually non isomorphi
stable bundles suh that F
(3)
k 6≃ F
(3)
k′
∗
and (V
(3)
k )k some vetor spaes
arrying a non degenerate bilinear form.
Let us denote by ψ
(a)
l : F
(a)
l → F
(a)
l
∗
the duality isomorphism (when a = 1, 2),
and σ
(a)
l : E
(a)
l → E
(a)
l
∗
the symmetri isomorphism dened on E
(a)
l (note that
F
(3)
k ⊕ F
(3)
k
∗
has been taitly endowed with the hyperboli form).
The two isotropy groups are then easily identied: we nd that
AutGLr (E) ≃
n1∏
i=1
GL(V
(1)
i )×
n2∏
j=1
GL(V
(2)
j )×
n3∏
k=1
(
GL(V
(3)
k )×GL(V
(3)
k )
)
,
while AutOr (P ) ⊂ AutGLr(E) is isomorphi to the subgroup
n1∏
i=1
O(V
(1)
i )×
n2∏
j=1
Sp(V
(2)
j )×
n3∏
k=1
GL(V
(3)
k ),
where GL(V
(3)
k ) stands for its image in GL(V
(3)
k ) ×GL(V
(3)
k ) by the morphism
g 7→ (g, tg−1).
The spae Ext1(E,E) splits into a diret sum of the spaes Ext1(E
(k)
i , E
(l)
j ), and
eah of these summands is isomorphi to Ext1(F
(k)
i , F
(l)
j ) ⊗ Hom(V
(k)
i , V
(l)
j ) when
neither k nor l equals 3, or to a sum of summands of this form otherwise. The
isotropy groups at on eah of those spaes via the natural ations of GL(V ) ×
GL(V ′) on Hom(V, V ′).
An element ω =
∑
ω
(k,l)
i,j ∈ Ext
1(E,E) ≃
⊕
Ext1(E
(k)
i , E
(l)
j ) belongs to the
spae H1(C,Ad(P )) if and only if ω
(i,i)
k,k ∈ H
1(C,Λ2E
(i)
k
∗) ⊂ Ext1(E
(i)
k , E
(i)
k ) and,
for (i, k) 6= (j, l), σ
(l)
j ω
(k,l)
i,j + ω
(l,k)
j,i
∗σ
(k)
i = 0. So, identifying Ext
1(E
(k)
i , E
(l)
j ) with
its image in Ext1(E
(k)
i , E
(l)
j )⊕Ext
1(E
(l)
j , E
(k)
i ) by the appliation ω
(k,l)
i,j 7→ ω
(k.l)
i,j −
σ
(k)
i
−1ω
(k,l)
i,j
∗σ
(l)
j , it appears that H
1(C,Ad(P )) is the subspae of Ext1(E,E) iso-
morphi to the diret sum
(3.1.2.2)
⊕
k

⊕
i
H1(C,Λ2E
(i)
k
∗)⊕
⊕
i<j
Ext1(E
(k)
i , E
(k)
j )

⊕
⊕
k<l
⊕
i,j
Ext1(E
(k)
i , E
(l)
j ),
eah one of the diagonal summand being more preisely expressed as:
(3.1.2.3) H1(C,Λ2E
(1)
i
∗) =
(
H1(C,S2F
(1)
i
∗)⊗ so(V
(1)
i )
)
⊕(
H1(C,Λ2F
(1)
i
∗)⊗ S2V
(1)
i
∗
)
,
(3.1.2.4) H1(C,Λ2F
(2)
j
∗) =
(
H1(C,Λ2F
(2)
j
∗)⊗ sp(V
(2)
j )
)
⊕(
H1(C,S2F
(2)
j
∗)⊗Λ2V
(2)
j
∗
)
,
(3.1.2.5) H1(C,Λ2E
(3)
k
∗) =
(
Ext1(F
(3)
k , F
(3)
k )⊗ gl(V
(3)
k )
)
⊕(
H1(C,S2F
(3)
k
∗)⊗Λ2V
(3)
k
∗
)
⊕
(
H1(C,Λ2F
(3)
k
∗)⊗ S2(V
(3)
k
∗)
)
⊕(
H1(C,S2F
(3)
k )⊗Λ
2V
(3)
k
∗
)
⊕
(
H1(C,Λ2F
(3)
k )⊗ S
2V
(3)
k
∗
)
,
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where Ext1(F
(3)
k , F
(3)
k ) has been identied with its image in Ext
1(F
(3)
k , F
(3)
k ) ⊕
Ext1(F
(3)
k
∗, F
(3)
k
∗) by the map ω 7→ ω − ω∗. Note that the dimensions of all the
extension spaes under onsideration are trivially available.
3.1.3. This pretty intriate situation suitably expresses itself in terms of repre-
sentations of quivers. Indeed let us onsider the quiver Q whose set of verties
is
Q0 = {s
(1)
1 , . . . , s
(1)
n1
, s
(2)
1 , . . . , s
(2)
n2
, s
(3)
1 , s
(3∗)
1 , . . . , s
(3)
n3
, s(3
∗)
n3
},
these verties being onneted by dimExt1(F
(k)
i , F
(l)
j ) arrows from s
(k)
i to s
(l)
j
(where we have set F
(3∗)
i = F
(3)
i
∗
). Next dene α ∈ Nn1+n2+2n3 aording to
the dimensions of the orresponding vetor spaes V
(a)
l . Therefore the AutGLr(E)-
module Ext1(E,E) is exatly the GL(α)-module R(Q, α) omposed of all the rep-
resentations of Q of dimension α, and the result of [9℄ realled earlier provides us
with a desription of the algebra k[Ext1(E,E)]AutGLr (E).
The inlusion H1(C,Ad(P )) →֒ Ext1(E,E) is an AutOr (P ) =
n1∏
i=1
O(V
(1)
i ) ×
n2∏
j=1
Sp(V
(2)
j )×
n3∏
k=1
GL(V
(3)
k )-equivariant appliation, so that we have an exat se-
quene
k[Ext1(E,E)]AutOr (P ) → k[H1(C,Ad(P ))]AutOr (P ) → 0.
This sequene and the theorem 2.3.3 result in a desription of a set of generators for
the algebra k[H1(C,Ad(P ))]AutOr (P ), namely the (fa)a 7→ tr(fa˜p · · · fa˜1), where fa˜i
stands for either fai or its adjoint map. Now, aording to (3.1.2.2), H
1(C,Ad(P ))
is a subspae of R(Q, α) made up of representations having the following prop-
erty: if fa : Vv → Vv′ denotes the map assoiated to an arrow a : v → v
′
, then its
adjoint map f∗a : V
∗
v′ → V
∗
v is, up to the sign, the map assoiated to one of the
arrows from v′ to v. So the algebra k[H1(C,Ad(P ))]AutOr (P ) is generated by traes
along oriented yles in the quiver Q. This exatly means that the appliation
k[Ext1(E,E)]AutGLr (E) → k[H1(C,Ad(P ))]AutOr (P ) is onto.
In view of what has been disussed in 3.1.1 this proves the injetivity of the
tangent map ofMOr →MGLr at q = [P ]. But we have shown in 1.4 that the map
MOr (k)→MGLr (k) is injetive. This implies the following:
Theorem 3.1.4. The forgetful map (E, q) ∈ MOr 7→ E ∈MGLr is an embedding.
One easily gets in the very same way the orresponding assertion relative to the
moduli of sympleti bundles:
Theorem 3.1.5. The forgetful map MSp
2r
→MSL2r is an embedding.
The point is that any losed point ofMSp
2r
represents a polystable vetor bundle
of the form
E =
⊕
i
(
F
(1)
i ⊗ V
(1)
i
)
⊕
⊕
j
(
F
(2)
j ⊗ V
(2)
j
)
⊕
⊕
k
(
(F
(3)
k ⊕ F
(3) ∗
k )⊗ V
(3)
k
)
,
where (F
(1)
i )i (resp. (F
(2)
j )j , resp. (F
(3)
k )k) is a family of mutually non isomorphi
sympleti (resp. orthogonal, resp. not self-dual) bundles (whih are stable as
vetor bundles), and (V
(1)
i )i (resp. (V
(2)
j )j , resp. (V
(3)
k )k) a family of quadrati
(resp. sympleti, resp. endowed with a non-degenerate bilinear pairing) vetor
spaes (F
(3)
k ⊕ F
(3) ∗
k being now equipped with the standard sympleti form). Let
us denote by σ : E → E∗ the resulting sympleti form on E. The bundle Ad(P ) is
now isomorphi to the bundles of germs of symmetri endomorphisms of E (that is
endomorphisms verifying σf+f∗σ = 0), and both the spae H1(C,Ad(P )) and the
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onsidered isotropy groups an be desribed in a manner analogous to that of 3.1.2
(one only has to swith the fatorsΛ2F
(a)
l
∗
and S2F
(a)
l
∗
, and of ourse to redene in
the obvious way every map of the form Ext1(F, F ′)→ Ext1(F, F ′)⊕Ext1(F ′∗, F ∗)).
The theorem 2.3.3 then allows us to onlude again.
3.2. About MSOr →MOr .
3.2.1. We have realled in 1.6 how to ompute the bers of the nite morphism
from MSOr onto M
O
Or
= det−1(OC). A point [P ] ∈ MOr in its image has two
anteedents if and only if AutSOr (P ) →֒ AutOr (P ) is an isomorphism, that is if
and only if every orthogonal bundle F
(1)
i appearing in the splitting (3.1.2.1) of E
has even rank.
Luna's theorem redues one again the dierential study of this appliation to
an invariant alulus: the tangent map of MSOr →MOr at [P ] ∈MSOr is indeed
identied with that of H1(C,Ad(P ))//AutSOr(P )→ H
1(C,Ad(P ))//AutOr (P ) (at
the origin).
Therefore, if r is odd, MSOr →M
O
Or
is an isomorphism.
3.2.2. Let us onsider now the even ase. The morphism MSOr →MOr is then
a 2-sheeted over, whih is étale above the lous of points having two anteedents.
A branhed point orresponds to an orthogonal polystable bundle E ontaining at
least one subbundle isomorphi to F
(1)
i ⊗ V
(1)
i where F
(1)
i is an orthogonal bundle
of odd rank: we then have to understand the inlusion
k[H1(C,Ad(P ))]AutOr (P ) →֒ k[H1(C,Ad(P ))]AutSOr (P ).
It is easy to produe a primitive element for the generi extension (whih is of de-
gree 2). First note that the vetor spae W obtained as the diret sum of the V
(1)
i
orresponding to the orthogonal bundles F
(1)
i of odd rank has even dimension, and
has an orthogonal struture inherited from the ones of the V
(1)
i . The spae om-
posed of all the antisymmetri endomorphisms ofW may be identied with a diret
summand of H1(C,Ad(P )), and mapping any element ω ∈ H1(C,Ad(P )) to the
pfaan of the endomorphism of W indued by ω then denes a funtion belong-
ing to k[H1(C,Ad(P ))]AutSOr (P ) whih is not AutOr (P )-invariant; this funtion
ertainly generates the generi extension.
It is more diult to give a onvenient desription of this algebra: in the (sim-
plest) ase where P is isomorphi to O ⊗ V with V a quadrati vetor spae
of even dimension, we have to understand the ation of AutSOr (P ) ≃ SOr on
H1(C,Ad(P )) ≃ H1(C,O) ⊗ so(V ). This an be solved again thanks to Proesi's
trik (f. 2.1.4): the omputation has been arried out in [1℄, and provides a set of
generators for the k[H1(C,Ad(P ))]AutOr (P )-algebra k[H1(C,Ad(P ))]AutSOr (P ) in
terms of polarized pfaans.
Let us nally mention that in the general ase we an easily infer from the main
result of [10℄ a family of generators for k[H1(C,Ad(P ))]AutSOr (P ) whih are also
obtained as polarized pfaans.
3.3. About the multipliity at stable points.
3.3.1. The disussion held in 3.1.1 ontains in fat a more preise statement, re-
lated to the ompleted loal rings of MOr and MGLr . Indeed, if q is a point of
MOr representing a polystable bundle P whose image in MGLr is a point s = [E],
we have the following ommutative diagram, where the rings of the seond row are
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the ompletions of the loal rings (of the involved algebras of invariants) at the
origin,
ÔMGLr , s
≀

// ÔMOr , q
≀
(
k[Ext1(E,E)]AutGLr (E)
)̂
//
(
k[H1(C,Ad(P ))]AutOr (P )
)̂
.
(3.3.1.1)
This desription of the ompleted loal rings of MOr provides us with additional
informations about the loal struture of MOr , at least at the points where the
situation is not too bad (see [8℄ for the ase of MGLr): the more we know about
the seond main theorem of invariant theory for the isotropy group of P , the easier
our alulations will be.
3.3.2. Let P be an orthogonal bundle whose underlying vetor bundle is of the
form E = E1 ⊕ E2, with E1 and E2 two non-isomorphi GL-stable orthogonal
bundles. The desription of the inlusion H1(C,Ad(P )) →֒ Ext1(E,E) given in
(3.1.2.2) here redues to
H1(C,Ad(P )) = H1(C,Λ2E1
∗) ⊕ Ext1(E1, E2) ⊕ H
1(C,Λ2E2
∗)
∩ ∩ ∩ ∩
Ext1(E,E) = Ext1(E1, E1) ⊕ Ext
1(E1, E2) ⊕ Ext
1(E2, E1) ⊕ Ext
1(E2, E2);
the isotropy subgroup AutOr (P ), isomorphi to Z/2Z × Z/2Z, ats trivially on
H1(C,Λ2Ei
∗) and by multipliation by ±1 on Ext1(E1, E2) (while (α1, α2) ∈
AutGLr (E) ≃ Gm ×Gm ats on Ext
1(Ei, Ej) by αjα
−1
i ).
Let (X
(i)
k )k (resp. (Yl)l) be a basis of H
1(C,Λ2Ei
∗)∗ (resp. Ext1(E1, E2)
∗ ⊂
H1(C,Ad(P ))∗). Then k[H1(C,Ad(P ))]AutOr (P ) is the subring of k[X
(i)
k , Yl] gen-
erated by all the X
(i)
k and the produts YlYl′ ; if V denotes the ane one over
the Veronese variety P(Ext1(E1, E2)) ⊂ P
(
S2Ext1(E1, E2)
)
we get the following
isomorphism:
Spec(k[H1(C,Ad(P ))]AutOr (P ))
∼
−→
(
H1(C,Ad(P1))⊕H
1(C,Ad(P2))
)
× V .
Using the identiation ÔMOr , q ≃
(
k[H1(C,Ad(P ))]AutOr (P )
)̂
we have the fol-
lowing result:
Corollary 3.3.3. The tangent spae to MOr at a point [P ] given as the diret sum
E1 ⊕ E2 of two non-isomorphi stable orthogonal bundles is isomorphi to
H1(C,Λ2E1
∗)⊕H1(C,Λ2E2
∗)⊕ (S2Ext1(E1, E2)),
and the multipliity of MOr at this point is equal to 2
r1r2(g−1)−1
, where ri is the
rank of Ei.
Remark 3.3.4. (i) The general ase of a stable point q ∈ MOr is more diult:
suh a bundle orresponds to a vetor bundle whih splits as a diret sum of n
mutually non-isomorphi GLri-stable orthogonal vetor bundles. We an use 2.3.3
to try to get some additional informations about the loal struture at q, for instane
by omputing the multipliity at this point. One an easily hek that, if n = 3
(resp. 4) this multipliity is equal to 2
∏
i<j
2rirj(g−1)−1 (resp. 8
∏
i<j
2rirj(g−1)−1).
(ii) It is not hard to deal with the ase of an orthogonal (non stable) bundle of
the form F ⊕ F ∗ with F 6≃ F ∗: we see that MOr is, at suh a point, étale loally
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isomorphi to Ext1(F, F )⊕ S, where S is the ane one over the Segre variety
P(H1(C,Λ2F ∗))× P(H1(C,Λ2F )) ⊂ P
(
H1(C,Λ2F ∗)⊗H1(C,Λ2F )
)
.
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